Polynomial Function —Analysisand Graphing

Problem: Anayze and Sketch the Graph of the function f whoseruleis

f(x)=4x* +16x> +25x% +21x +9

Analysis:
The function f isapolynomial function. Thereforeits graph will be a smooth continuous curve with no gaps
or sharp corners.
The degree of f isfour. Thereforeits graph tries to cross the x-axis four times and tries to exhibit three
turning points (humps).
The degree of f iseven. Therefore its graph need not have an x-intercept.
Because f is apolynomial function the leading term will dominate when x is far from the origin.
Therefore

asXx > o, f(Xx)—> o0 andasx - —o, f(X)—>
We now have enough information to expect the graph of f to look like some variation of the graph
in Fig. 1. However, we must recognize that the number of x-intercepts and the number of turning _
points might be very different than shown in Fig. 1. Fig. 1

To determine the x-intercepts of the graph of f we must find the zeros of f.
To find the zeros of f (as with al functions) we must solve the equation resulting from f(x) = 0.

In this case we must solve the equation 0 =4x* +16x3 + 25x° + 21x + 9
We cannot solve this equation directly, so we turn to the rational zeros theorem to find the possible rational
zeros of the function f.

If P iIsarational zero of the function f, then p isadivisor of the constant term 9 and q is adivisor of the
g

leading coefficient 4. So pe N = {il, 13, i9} and qe D ={il,i2,i4} and then P must bein the

a
set of al fractions which may be constructed by selecting numerators from N and selecting denominators
from D. Therefore Ee +1, 43, i9,i1,i§,ig,il,i1,i1 = K . Thusif thefunction f hasa
q 2 2 2 4 4 4

rational zero (arational x-intercept) then it must be one of the above 18 rational numbersin the set

labeled K. ! 2
To avoid testing each of these, it iswise at this point to use a graphing utility such as Omnigraph
or aTl 83 to produce agraph of f asshownin Fig. 2. Thegraphin Fig. 2 makesit clear that the AL,
only reasonable options for rational zeros must bein theinterval (-2, -1). The only element of the "Fig 2

set K in thisinterval isthe number —%. We must now test —% to seeif itisazero of the

. : o 3 . - 3.
function f. That iswe must determineif f —E = 0. We can avoid substituting _E into therulefor f
by recalling that the following statements are equivalent.

1) —% iIsazeroof f

2) x—(—%j: x+g isafactor of 4x* +16x° + 25x” + 21x + 9

But even the prospect of performing this division with afraction in the divisor is not appealing. However, if
we note that

1



2x +5x" +5x+3

X +§ isafactor of 4x* +16x> +25x*+ 21x + 9 if and only if 2x+3)4x +165 +255 +21x+9

4x7 46
2x +3isafactor of 4x* +16x° +25x°+21x+9 _ 13;;:13;‘_:;—3“—9
So we perform the later divisionas shown in Fig. 3 to obtain a quotient of 02 221% 20
2x% +5x% +5x +3 and aremainder of 0. This shows that e .
0=4x" +16x° +25x" + 21x +9 = (2x +3)(2x° +5x% +5x +3) G+
And now The Zero Factor Property implies Fig. 3

2x+3=0 OR 2x3+5x?+5x+3=0

x=—g OR 2x*+5x*+5x+3=0

Thus —g isazero of f. To determine the other zeros of f we must solve the equation 2x> + 5x%+ 5x + 3 =0.

Note that is the same as finding the zeros of the function g whoseruleis
g(x) = 2x3 +5x% +5x + 3.
The graph of gisshown in red superimposed over the graph of f in Fig. 4.

It appears from Fig. 4 that —gisazero of g. So it appears that

2x +3isafactor of 2x* +5x%+5x +3.
Thisfact isverified in the division shown in Fig.5. Fig. 4
This division yields the following

0=4x* +16x° + 25x” + 21x +9 = (2 +3)(2x3 +5x% 45X +3) =(2x +3)2(x2 + x+1)
And again we invoke The Zero Factor Property to conclude that C+x+l

2x4+312x +5x" +5x+3

(2x+3)"=0 OR x?+x+1=0 g
3 ) E.‘c;—fr—i
X=—— OR x“+x+1=0 25 43x

So = is azero with multiplicity 2.
2 Fig. 6
The other zeros are found with the quadratic formula

bV —dac  1x(P-40)() _-1x43 _-1:3
B 2a B 2(1) S22
We have now determined that the four zeros of the origina function f are:
-1 +2\/§| and —1—2«/§|

—g with multiplicity 2, and the two complex conjugates

- : 3 .
We may now conclude that the graph of f will intersect the x-axisat — > but will not cross the

axis. It hasno other x-intercepts. This permits usto label the one x-intercept and together
with the information in Fig. 1 we may produce the graph shown in Fig. 6.
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