Examples of Functions

In this document is provided examples of avariety of functions. The purposeisto
convince the beginning student that functions are something quite different than
polynomial equations.

These examplesillustrate that the domain of functions need not be the real numbers or
any other particular set. These examplesillustrate that the rule for a function need not be
an equation and may in fact be presented in a great variety of ways.

Some of the functions receive more compl ete treatment/discussion than others. If a
particular function or function type is normally a part of a College Algebra course, then a
more complete discussion of that function and its propertiesislikely.

Throughout this document the following definition of function, functional notation and
convention regarding domains and ranges will be used.

Definition: A function consists of three things;
1) A set called the domain
i) A set cdled the range
iii) A rule which associates each element of the domain with a unique element of
the range.
Functional Notation:
The unique range element

which is associated with the
domain element X

f(x

Name of the function A domain element

Convention: When the domain or range of afunction isnot specified, it is assumed that
therangeis R, and the domain isthe largest subset of R for which the rule makes sense.
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) SomeVery Simple Functions

The domains and rule of the three functions shown in

these diagrams are quite smple, but they are indeed
functions. Domain 3§ 5 ¢ 7
Moreover view of functions consisting of two sets '
with arrows from elements of the domain to el ements
of the range will serve well to help understand Rule
functionsin general

The example below shows quite clearly that the *‘/ / \

‘ =~ -
domain and range of afunction need not be sets of Rﬂllgf J l l /
numbers. In most College Algebra courses the

functions discussed do have domains and ranges ) )
which are sets of numbers, but that is not a An Example of a Simple Functien
requirement of the definition of function.

Ty i ] =] Domain 2 = 0 9

w T - 4/ 74

n Example of a Simple Functio An Example of a Simple Function

Al 23 1t LLLLARLE L) ]

1) Linear Functions
Definition: A linear function is afunction whose domain is R, whose rangeisR, and
whose rule can be expressed as alinear equation.

Recall alinear equation in two variables is an equation which can be written as
y = mx + b where m and b are real numbers.

This leadsto the following aternate preferred definition for alinear function.

Definition: A linear function is afunction whose domain is R, whose rangeisR, and
whose rule can be written as f(x) = mx + b where x isadomain element, m € R and
beR.

Comment: Linear functions are a special case of the more general class of functions
called polynomial functions. Thus the set of linear functionsis a subset of the set of
polynomial functions.
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Example: Let f bethe function whoseruleisf(x) = 3x + 5.

Convention dictates that the range of thisfunction is R and because the rule makes sense
for every real number substituted into the rule, the domainisalso R. Theruleiswritten

asalinear equation, so it followsthat f is alinear function.

Graph of Linear Equation Graph of Linear Function
y . fix
& fi
(0, 5) (0, 5)
— 1) > X > X
5 -2.0) 5 (-3.0)
B -2
graph of the equationy = 3x + 5 graph of the function f

Comment: Theword linear is now being used as an important adjective in four distinct
contexts. We speak of linear polynomials, linear equations in one variable, linear
equations in two variables, and linear functions.

e A linear polynomial is an expression which can be written asax + b whereaand b
arereal numbers. A linear polynomial is a mathematical creature just like natural
numbers, rational numbers, irrational numbers, matrices, and vectors are
mathematical creatures. Thereisno equation involved. The concept of solving a
linear polynomial is meaningless. The arithmetic-like concepts of addition,
multiplication, and subtraction in the context of all polynomials as well as linear
polynomials does have meaning.

e A linear equation in one variable is an equation which can be writtenasax + b=0
where aand b are real numbers. The graph of alinear equation in one variableis
asngle point on the x-axisunlessa= 0 and b # 0 in which case there are no
solutions and hence no graph.

e A linear equation in two variablesis an equation which can be written in the form
y =mx + bwheremand b arereal numbers. Thisis called the slope-intercept
form of the equation of aline. The graph of alinear equation in two variablesisa
line. The coefficient m isthe slope of the graph and b is the y-intercept of that

graph.
e A linear function is afunction whose domainis R, whose range is R, and whose

rule may be written as f(x) = mx + b where aand b are real numbers. The graph
of alinear function is anon-vertical line with slope m and y-intercept b. A linear
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function is amathematical creature just like natural numbers, rational numbers,
irrational numbers, matrices, vectors, and linear polynomials are mathematical
creatures. The concept of solving alinear function is meaningless. The
arithmetic-like concepts of addition, multiplication, and subtraction in the context
of al functions as well as linear functions does have meaning. A variety of
additional facts peculiar to functionswill be studied in this course.

[11) Quadratic Functions
Definition: A quadratic function is afunction whose domain is R, whose range isR, and
whose rule can be expressed as a quadratic equation.

Recall that a quadratic equation in two variablesis an equation that can be written
y = ax? + bx + cwherea, b, and c are real numbersand a # 0.

This leads to the following aternate preferred definition for a quadratic function.

Definition: A quadratic function is afunction whose domain isR, whose rangeisR, and
whose rule can be written as f(x) = ax’ + bx + c where a, b, and ¢ are real numbers and
az0.

Comment: Quadratic functions are a special case of the more general class of functions
called polynomial functions. Thus the set of quadratic functions is a subset of the set of
polynomial functions.

Example: Let f be the function whoseruleisf(x) = X2+ X - 6.
The convention dictates that the range of this function is R and because the rule makes

sense for every real number substituted into the rule, thedomainisalso R. Theruleis
written as a quadratic equation, so it follows that f is a quadratic function.

Graph of Quadratic Equation Graph of Quadratic Function
5y f(x)
> W .
5 (2,0) 5 2,0) 5
Graph of the equation y = x° + x + 6 Graph of the function f
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Comment: Theword quadratic is now being used as an important adjective in four
distinct contexts. We speak of quadratic polynomias, quadratic equations in one
variable, quadratic equations in two variables, and quadratic functions.

e A quadratic polynomial is an expression which can be written as ax? + bx + ¢
where aand b are real numbers. A quadratic polynomial is amathematical
creature just like natural numbers, rational numbers, irrational numbers, matrices,
vectors, linear polynomials, and linear functions are mathematical creatures.
Thereis no equation involved. The concept of solving a quadratic polynomial is
meaningless. The arithmetic-like concepts of addition, multiplication, and
subtraction in the context of all polynomials as well as quadratic polynomials do
have meaning.

e A quadratic equation in one variable is an equation which can be written as
ax® + bx + c= 0wherea, b, and ¢ are real numbers. The graph of a quadratic
eguation in one variable may be a sngle point, or two points on the x-axis. If the
discriminant of the quadratic polynomial is negétive the quadratic equation in one
variable has no real solutions and hence has no graph.

e A quadratic equation in two variablesis an equation which can be written in the
formy = ax? + bx + c where a, b, and ¢ are real numbers and a# 0. The graph of
aquadratic equation in two variablesis a parabola which opens up if the leading
coefficient is positive and opens down if the leading coefficient is negative.

e A quadratic function is afunction whose domainis R, whose rangeisR, and
whose rule may be written asf(x) = ax”+ bx + cwhere a, b, and c are real
numbers and a# 0. The graph of aquadratic function is a parabola which opens
up if a> 0 and opensdown if a< 0. A quadratic function is a mathematical
creature just like natural numbers, rational numbers, irrational numbers, matrices,
vectors, and linear polynomials are mathematical creatures. The concept of
solving alinear function is meaningless. The arithmetic-like concepts of addition,
multiplication, and subtraction in the context of al functions as well as quadratic
functions do have meaning. A variety of additional facts peculiar to functions
will be studied in this course.

V) Polynomial Functions
Definition: A polynomial function is afunction whose domainisR, whoserangeisR,
and whose rule can be expressed as a polynomia equation.

Recall that a polynomia equation in two variables is an equation that can be written
y=ax"+a_,X"'+..-+ax+a, wherenis awhole number and each of the coefficients
g isarea number.

This leads to the following alternate preferred definition for a quadratic function.
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Definition: A polynomia function is afunction whose domain isR, whoserangeis R,
and whose rule can be expressed as f (X) = 8, X"+ g, _, X" "+ +a X+ a, wherenisa
whole number and each of the coefficients a is area number.

Examples: Every linear function is apolynomial function.

Examples: Every quadratic function is apolynomial function.

Example: Let f be the function whose ruleis f(x) = x>+ 3x* —6x + 9.

Convention dictates that the range of this function is R and because the rule makes sense
for every real number substituted into the rule, the domainisalso R. Theruleiswritten
as apolynomia equation, so it follows that f is a polynomial function.

Polynomial functions will be a major topic of study in College Algebra.

V) Absolute Value Function

Definition: The absolute value function abs is the function whose rule is given by
ifx>0
abs(x) = X '| X
-Xx ifx<0 4

Convention dictates that the range of this functionis R and
because the rule makes sense for every real number
substituted into the rule, the domainisaso R.

The graph of absis shown at the right.

h

The name absisless used in discussionsinvolving the
absolute value function. The more familiar notation
| X |isusually used in lieu of abs(x).

VI) Seqguences

Definition: A sequence is afunction whose domain is the set of Natural NumbersN.

The definition of sequenceis pretty simply stated, but there are many special
consequences of the fact that the domain of a sequenceisN. Seguences have been
studied for centuries. Sequences have been studied with and without the concept of
function. Quite abit of special (mostly historical in origin) terminology and notation is
used in adiscussion of sequences.

When working with sequences, range elements are frequently called terms of the
sequence. For example:
e Therange e ement associated with the domain element 1 is caled the first term of
the sequence.
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e Therange e ement associated with the domain element 6 is called the sixth term
of the sequence.

e Therange element associated with the domain element n is called the n'™ term of
the sequence.

Because the domain of every sequenceis N, the graph of a sequence will consist of a set
of discrete points.

Because the domain of every sequenceis N, it is possible to speak of the first domain
element.

Because the domain of every sequenceis N, it is possible to speak of the next domain
element.

Because the domain of every sequenceis N, it is not possible to speak of the last domain
element.

Because the domain of every sequenceis N, it is possible to ask about and compute the
sum of the first k terms. Thisisusualy called the k™ partial sum of the sequence.

Definition: The n™ partial sum of asequenceis defined to be the sum of the first n terms
of the sequence.

VI -A) Tau
The function whose name is the Greek letter T (pronounced tau) is a function whose
domain isthe Natural Numbers N. So T isasequence. Therulefor T isnot given by a

formula. Therulefor Tis: T(n) isthe number of positive divisors of n.
To compute the range val ue associated with a particular domain element n, it is necessary
to determine al positive divisors of n and simply count them. It is convenient to think of

T simply as afunction which counts the number of positive divisors of domain elements.

W=1 1=2 13=2 1T@=3 T(5)=2 1T(6)=4
1(7N=2 1®)=4 1T9=3 1T(10)=4 TAD=2 T(12)=6

The graph of thefirst 12 terms of Tau consists of the points:
1,1 (2,2 3,2 4,3) 5,2 (6, 4)
(7,2 (8,4 9,3 (10, 4) (12, 2) (12, 6)

Noticethat if p isaprime number, then T(p) = 2 and if k is a composite number, then
T(k) > 2. Infact sometimes T is used to define prime numbers as:

Definition: A natural number p isprimeif and only if T(p) = 2.
Notice how negtly this definition prohibits classifying 1 as a prime number.
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VI - B) Sigma
The function whose name is the Greek letter G (pronounced sigma) is a function whose
domain isthe Natural Numbers N. So G isasequence. Therulefor G isnot given by a

formula. Therulefor G is: 6(n) isthe sum of the positive divisors of n.
To compute the range val ue associated with a particular domain element n, it is necessary
to determine al positive divisors of n and simply add them.

o()=1 o6(=3 o1 =4 o©@=7 0©(5)=6 0(6)=12
6(7)=8 o(8)=15 6(9) =13 G(10) =18 6(11) = 12 6(12) = 28

The graph of thefirst 12 terms of Sigma consists of the points:
11 (2,3 (€ (4,7) (5,6) (6,12)
(7, 8) (8, 15) (9, 13) (10,18) (11,12) (12,28)

VI - C) Fibonacci Sequence

Definition: The Fibonacci sequence F is the function whose domain is N and whose rule
isgivenrecursively by: F(1) =1, F(2)= 1, and for n> 2, F(n) = F(n—1) + F(n—2)

F1)=1 F@2=1 F3=2 F4=3 F5=5 F#6)=8
F(7)=13 F(8) =21 F9)=34 F10)=55 F(11)= 89 F(12) = 144

The graph of thefirst 12 terms of the Fibonacci sequence consists of the points:
(1,2 (2,1) 3,2 4,3 (5,5) (6, 8)
(7, 13) (8,21) (9, 34) (10,55) (12,89) (12,144

VI - D) Arithmetic Sequences

Definition: An arithmetic sequence is a sequence whose consecutive terms have a
common difference.

Equivalent Definition: An arithmetic sequencef is afunction whose rule may be
expressed as alinear equation of the form f(n) = dn + b where d is the common difference
and b isthe difference f(1) — d.

Comments: Compare the equivalent definition of an arithmetic sequence with the
definition of alinear function.

The domain of alinear functionisR The domain of an arithmetic sequenceisN
Therulefor alinear functionis f(x) =mx + b

The rulefor an arithmetic sequenceisf(x) =dx + b

The number b in the rule for an arithmetic sequence is the range value associated with O
(if there were such arange element) so it corresponds exactly to the y-intercept of the
linear function.
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The common difference d is nothing more than the slope as you move from one range
element to the next. The slope of the line joining two terms (x, f(x)) and (x + 1, f(x + 1))
f(x+)-f(x) d

(x+)-x 1
A casual approach isto view an arithmetic sequence as alinear function with domain N.

of the sequenceis given by

Comment: Given any two pieces of information about an arithmetic sequenceit is
possible to determineitsrule. The next three problem typesillustrate the point.

Problem Type 1: If you are given the common difference and the first term of the
arithmetic sequence, then it is possible to write the rule for the function. Thisis
comparable to the slope-intercept situation/problem when working with linear functions.
Example: Suppose an arithmetic sequence named h has a common difference 8 and the
first termis-5. Find therule for the function h.

Solution: Snce the function is an arithmetic sequenceitsruleis of the form

h(n) = dn+ b. In our case the common difference d is 8, therule for h has the form

h(n) =8n + b. Becausethefirst termis-5, b = -5 -8 =-13 and the rule for the desired
arithmetic sequenceis given by h(n) = 8n —13.

Problem Type 2: If you are given the common difference d and one term of an
arithmetic sequence, then it is possible to write the rule for the function. Thisis
comparable to the point-slope situation/problems when working with linear functions.
Example: Suppose an arithmetic sequence named h has a common difference 3 and the
fifth termis 12. Find the rulefor the function h.

Solution: Snce the function is an arithmetic sequenceitsruleis of the form

h(n) = dn + b. In our case the common difference d is 3, therule for h has the form

h(n) =3n+ b. Becausethefifthtermis 12, h(5) = 12, but according to the partially
determined rule h(5) = 3(5) + b =15+ b. These two representations for h(5) yield the
equation 12 = 15 + b. Clearly then b = -3 and the rule for the desired arithmetic sequence
isgivenby h(n) =3n-3

Problem Type 3: If you are given two terms of an arithmetic sequence, theniit is
possible to write the rule for the function. Thisis comparable to the two point
situation/problems when working with linear functions.

Example: Suppose the fourth term an arithmetic sequence named k is 10 and the seventh
term is 28. Find the rulefor the function h.

Solution: Snce the function is an arithmetic sequenceitsruleis of the form

h(n) = dn + b. The difference between the seventh and fourth termsis 3d and is also
equal to 28 — 10 = 18. That means 3d = 18 and so the common difference d is 6.
Therule for h hasthe form h(n) =6n + b. Because thefourth termis 10, h(4) = 10, but
according to the partially determined rule h(4) = 6(4) + b =24+ b. Thesetwo
representations for h(4) yield the equation 10 =24 + b. Clearly then b = -14 and the rule
for the desired arithmetic sequence is given by h(n) = 6n — 14.

Comment: Theformulafor then™ partial sum of an arithmetic sequence named ais:

S=35(a+a)
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VI - D) Mod Functions

The function named mods
The name of this function is mods. The domain of modé6 is the set of all natural numbers.

Therange of mod s isthe set{0,1,2,3 4,5} . Because the domain of mods is N, mods is a

sequence. Therule for mods is given by:
mods(n) is the remainder when nis divided by 6.

To seethat modg is afunction, we refer back to the “arrow” concept of function. The fact

that every natural number may be divided by 6 insures that an arrow emanates from each
element of the domain.

The division algorithm states that for any natural number n there is a unique quotient q
and aunique remainder r such that r €{0,1,2,3,4,5! .

Thefact that r € {0,1,2,3,4,5} insures that the arrows end in the range and the fact that
the remainder is unique insures that only one arrow emanates for each domain element.

Therefore mode is afunction.
Here are examples of range elements associated with some domain elements
mods(3) = 3 mods(8) = 2 mods(17) =5 mods(424) = 4

The function named mod11
The name of this function is modi1. The domain of modi: isthe set of all natural

numbers. Therange of mod; isthe set{0,1,2,3,4,5,6,7,8,9,10} . Because the domain of

modi1 iSN, modh1 isasequence. Therule for modi1 isgiven by:
mod.4(n) is the remainder when nisdivided by 11.

To see that mody; isafunction, we refer back to the “arrow” concept of function. The

fact that every natural number may be divided by 11 insures that an arrow emanates from
each element of the domain.

The division agorithm states that for any natural number n there is aunique quotient g
and aunique remainder r such that r e{O,l 2,3,4,5,6,7,8, 9,10} .

Thefact that r €{0,1,2,3,4,5,6,7,8,9,10} insures that the arrows end in the range and the

fact that the remainder is unique insures that only one arrow emanates from each domain
element.

Therefore mody; isafunction.

Here are examples of range elements associated with some domain elements

m0d11(3) =3 m0d11(8) =8 m0d11(17) =6 m0d11(424) =6

It should be clear that for each natural number k there is a corresponding mody function
defined in the same manner as mods and mods1 above.
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VII) Exponential Function exp

eis one of those special numbersin mathematics, like pi, that
keeps showing up in all kinds of important places. Likepi, eis
an irrational number. The value of e may be approximated by
e~ 2.7182818284

Thisirrational number is the foundation of avery important
pair of functions in mathematics. These two functions are exp
and In (that isthe letter ell). The function exp is quite easy to
define.

The function exp has domain R and range R. Therulefor exp

is given by the exponential equation exp(x) = €. Thegraphof -5
exp is shown here.
The function exp is called the exponential function base e.

The function Inis called the natural
logarithm function. 2
Thedomain of Inisall positive real

numbers.

Therulefor Inisgivenintermsof itsinter-

relation with the function exp. The function 5
In isthe one and only function which has the
property that

In(exp(x)) = x and exp(In(x)) = x

The graph of Inis shown at theright.
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VIII) Circular Functions

We will now consider the functions whose names are sn, and cs, whose domain is the
closed interval [0, 2x] and whose range is the closed interval [-1, 1]. These and four
other functions are called circular functions or more traditionally Trigonometric
functions.

Observe the length of this domainis 2t. Hereisapicture of the domain of the function
named sn. A few points which we will use later in the discussion are marked.
I |

C 1 1 1 1 1 1
C T T T II' T T u|
u :T IT 3 -"‘r # 5 Ff 3IT ? :T ZJ:’T
4 5 4 4 5 4
+———————— half the length
B one fourth the -
N length
- : : : ' : : : .
0 T T 3 }{ 5T 3/ 7T 27
4 2 9 q 2

The rulefor this function will not be described with an
equation but will instead be described in terms of the

coordinates of points on the unit circle.

Recall that the unit circle isthe circle with radius 1 whose
center is at the origin of the Cartesian coordinate system

and is described by the equation x? + y* = 1.

Also recall that the radius of acircle is given by the
formulaC = 2xar. In the case of the unit circle, the
circumferenceis 2n. This circumference is exactly the
same length as the domain of the function named sn.

f\f

~
L/

The significance of this comparison is that for any real number in the domain of the
function named sn, there is a corresponding point on the unit circle. The converseisalso
true, for every point on the circumference of the A

unit circle thereis areal number in the domain of

the function. (0, 1].

On the unit circle the point (1, 0) is aways

considered the starting point and distance is always

measured on the circumferencein the

counterclockwise direction. o

(1, “}

corresponds to /2 in the domain of snisthe (-1, 0}
point with coordinates (0, 1).
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e Thepoint on the unit circle which corresponds to = in the domain of sn isthe
point with coordinates (-1, 0).

e Thepoint on the unit circle which corresponds to 3/2 in the domain of sn isthe
point with coordinates (-1, -1).

e Thepoint on the unit circle which corresponds to 2z in the domain of snisthe
point with coordinates (1, 0).

Whether in the domain of sn or on the circumference of the unit circle, these four points
: 1 . 1 : 3 .
are at the starting point, Zthe total distance, Ethe total distance, and Zthe total distance.

We are now ready to provide the rule for the functions named sn and cs.

RULE: For any xe [0,27], sn(x) is the second coordinate of the corresponding point on
the circumference of the unit circle.

RULE: Forany xe [0,2r7], cgx) isthefirst coordinate of the corresponding point on the
circumference of the unit circle.

The above diagram shows that:

sn(0) =0, sn(%jzl, sn(z)=0, sn(%r]:—l, sn(2r)=0

cs(0) =1, cs(%jzo, cs(7) = -1, CS(S;T)—O, cs(2r) =1

We will now look at the range values associated with afew
other domain elements. In particular we will examine those (0, 1)

numbers (domain elements) midway between each pair of the Ll /_ﬁf }

previous four numbers in the domain of sn and cs

7| 'Hl L e

Recall the rules for the functions sn and csand extract the (-1, 0)| &
following range values directly from the picture at the right. \

. . . . & E) |
O G RO T

(el o =05

\r
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Thefigure at the right shows additional pointsin the domain of
sn and cs with their coordinates on the unit circle. From this
diagram and the rules for the two functions we can conclude:

o )2, ()L, ) ()

3) 2 3) 2 3 2 3 2
(nj 1 (277) 1 (4;[) 1 (577) 1
cs| —|==, ¢cs| —|=-=, cs| — |=-=, cs| — |==
3) 2 3 2 3 2 3) 2

In amanner similar to the examples presented in these few
examples, the unique range values associated with adomain
element may be determined.

g

Each point in the domain of sn and cs corresponds with a point on the unit circle which in
turn corresponds with a set of first and second coordinates which determine the unique

range value associated with the domain element.

The two functions sn and c¢s and four other circular functions are the functions studied in
Trigonometry. How these functions relate to angles, triangles, radian measure, etc. will
not be discussed here. The purpose hereis simply to give an illustration of some
functions whose rules are unusual and whose domains and ranges are not all of R.
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