Fractions -- Generalized

The intent in this short essay isto review in aunified manner al the important properties of
fractions. The emphasis will be on those properties and operations which are the same for al types
of fractions regardless of the kind of mathematical entity found in the numerator and denominator.
The desireisto assist the reader to make the transition form 7™ grade study of fractionsto all those
fractions which might be found in Algebra | through Calculus.

Important Background Facts
If you are unfamiliar with any of these background facts, it would be wise to review them in your
textbook.

1. Theset of integersisthe set of counting numbers1, 2, 3, - - -, their negatives
+++,-3,-2,-1andthe number 0. The standard symbol for the set of integersisZ.
Z={-+,-3-2-1,0123,--

2. The set of rational numbers, denoted by Q, isthe set of numbers which may be written as the

ratio % of integers where the denominator is of course not O.

Q-Ix

x=§, peZ geZ andq=0

3. The number 0 isthe additive identity because adding 0 to any number produces a sum equal to
the original number.
Symbolically: a+0=a

4. Thenumber 1isthe multiplicative identity because multiplying any number by 1 produces a
product equal to the origina number.
Symbolically: al=a

5. The opposite of a number isthat number which islocated on the opposite side of zero and
equidistant from zero

5. Theadditiveinverse of areal number ais areal number b such that the sum of aand bisthe
additive identity 0.
Symbolically: aand b are additive inverses of each other if a+ b= 0
The sum of anumber and its additive inverse is the additive identity.
The additive inverse of areal number isits opposite. Symbolically: a+ (-a) =0

6. The multiplicative inverse of areal number aisarea number b such that the product of aand b
isthe multiplicative identity.
Symbolically: aand b are multiplicative inverses of each other if ab = 1.
The product of a number and its multiplicative inverse is the multiplicative identity.

The multiplicative inverse of areal number isitsreciprocal. Symbolically: (a)(%)zl



7. All rational numbersarefractions but not all fractions arerational numbers.

Sets of Fractions

Definition: A fraction consists of a numerator (top), a denominator (bottom), and an indicated
division of the numerator by the denominator.

Permitting the numerator and denominator to take on all possible values from a certain set forms
different sets of fractions. The following sets of fractions are constructed in that manner.

If the numerator and denominator are permitted to be any integer (no 0 in the denominator), then we
obtain the set of rational numbers. Some examples are listed below.
32 383 4 317 5 -2 1

457 21 -9 173’12 3’ 2

If the numerator and denominator are permitted to be any real number (no 0 in the denominator),
then this set of fractionsis much larger than the set of rational numbers. Every rational number isin
this set, but many other fractions such as the ones shown below also appear in this set of fractions.

3 \/_ 5 = 3-7 3+5 m/TH/8

\/5’4'5/_\/_2f 9 " 1 4

If the numerator and denominator are permitted to be any algebraic expression (no 0 in the
denominator), then this set of fractions is much larger than the previous set. Note that this set
contains the previous set of fractions and therefore contains the set of rational numbers (the more
familiar fractions). Some examples of fractions found in this set are listed below.

32 383 4 317 5 -2 1

4'5'°7'2'1'9 17' 3’12 3' 2

n 5 A5 om0 B-z 35 n/THB
2|4|§/7|%/Z|2\/§| 9 H 1 ’ 4

3
a 3x-1 6 3x*+5x-2 4 3P+ 7x-m
b’ kK " x?+3 6x°+4x-7 X ex®-7+Jx2+5

2 1 -1 .5 X X
X2 2 2 Xy? 7 7 3X°+5x-6
yu 37872 7575 x*-6x+6
4 -

Operations with and on fractions will be discussed in the context of this largest set of fractions and
will therefore apply to all fractions. The mathematical operations/procedures remain the same for
all kinds of fractions.

There are indeed other kinds of fractions, and the operations and procedures remain the same for
those fractions as well. If the numerator and denominator are permitted to be any mathematical
object for which division is defined, then we get alarger set of fractions. This set is considered too
abstract to be the focus of discussion in this essay. However, even in this very large and very
abstract set of fractions, the operations and procedures remain the same.



Operations with Fractions
There are only afew things we do with fractions, comparisons and operations. Operations are
classified as either unary or binary operations. Unary operations are operations that involve only
one fraction while binary operations are operations which involve two fractions.
The Binary Operations are:

e multiplication

e division

e addition

e subtraction

The Unary Operations are:
e Finding the additive inverse (opposite)
e Finding the multiplicative inverse (reciprocal)
e Expanding afraction
e Reducing afraction

Comparison of Fractions:

Those fractions which are Real Numbers may be represented as points on the Real Number Line. |If
two fractions are represented on the Real number line, then clearly the first isto the | eft of the
second, equal to the second, or to the right of the second. The leftmost of two numbers on the Real
Number Lineis lessthan the other. This geometric view of real number fractions indicates that
there should be an agebraic way to compare to Real Number fractions.

To compare two Real Number fractions with the same positive denominators, we need only
compare the numerators.

Symbolically: If % and % are Real Number fractionswith positive denominators then

%<% if andonly if a<c
a c. —
b-b ifandonly if a=c
%‘>% if and only if a>c
A few examples may clarify this method of comparison:
§<% because 3 < 9.
g>g because 5 > 3.
E:E’ because 15=12 + 3.
V3 43

To compare two Real Number fractions with different denominators, we expand the two fractions to
fractions with the same positive denominators and then we need only compare the new numerators.
This procedure will be revisited after a discussion of expanding fractions.



Multiplication of Fractions

The simplest operation with fractions is the binary operation of multiplication. To understand the
explanations and examples it is helpful to know the parts (and their names) of a multiplication
problem.

Parts of a Multiplication Statement
Product

axb=c

Factor Factor

Even if the multiplication is simply indicated but not performed, we refer to the product.

Parts of a Multiplication Expression

Product

i
X

Factor Factor
For example, in the expression (3)(12) = 36, 3 and 12 are factors and 36 is the product.
If wewrite (3)(12) then 3 and 12 are factors and we refer to (3)(12) as the product.
It is sometimes very convenient to refer to the product without actually computing it.
For example, it is convenient to be able to refer to the product of 739.87439 and 79376.235687
without the need to actually calculateit.

In the above schematics the symbols aand b can represent any kind of expression and in our present
discussion they will represent fractions.

The process of multiplying two fractionsis usually stated symbolically as
ay(c)_ac
b)ld) bd

First, note that in this “rule” the factors are % and g while the product is %

Secondly, note that the product is afraction — so the product of two fractionsisitself afraction.
Third, note that the “rule” states how the numerator and denominator of the product are computed.

Finally, in summary, here is what the “rule” tells us.
The product of two fractionsis afraction.
The numerator of the product is the product of the numerators.
The denominator of the product is the product of the denominators.

Example 1. Multiply % and ;



Solution: Thefactorsare % and ;
The numerator of the product is the product of 3 and 5 (the numerators) and is 15
The denominator of the product is the product of 4 and 7 (the denominators) and is 28

We would normally write this in the following fashion:
3)(5)_(3(E) _15
40N7) (4(7) 28

Notice the indicated product (in the middle step) in the numerator and denominator.
RULE: Itisalwaysagood ideato put in the step that refers directly to the “rule” for
multiplying fractions.

Always use the = symbol to indicate equality wherever it exists.

Example 2: Multiply % and ;

Solution: The factors are% and ;

The numerator of the product is the product of 9 and 2 (the numerators) and is 18
The denominator of the product is the product of 5 and 7 (the denominators) and is 35
We would normally write this in the following fashion:

9)(2)_(9( _18

507) (5)(7) 35
Notice the indicated product (in the middle step) in the numerator and denominator. Itisawaysa
good idea to put in the step that refers directly to the “rule” for multiplying fractions.

Always use the = symbol to indicate equality wherever it exists.

A word about the various symbols used to indicate multiplication isin order.

Two symbols (e, x ) are frequently used to indicate multiplication, but the best way to indicate
multiplication is to enclose the numbers inside grouping symbols (parenthesis) written next to each
other (juxtaposition). Indicating multiplication with juxtaposition isillustrated in the above
examples and everything that follows.

_ . 4 9
Example 3. Multiply 7 and 3
Solution: Thefactorsare 1—2 and %
The numerator of the product is the product of 4 and 9 (the numerators) and is 36
The denominator of the product is the product of 12 and 3 (the denominators) and is 36

We would normally write this in the following fashion:
4(9) (DO 36
(E](§j T (123 36
Notice the indicated product (in the middle step) in the numerator and denominator. Itisawaysa

good idea to put in the step that refers directly to the “rule” for multiplying fractions.
Always use the = symbol to indicate equality wherever it exists.




(59 OO _45
Example 4: (EJ(EJ_ 2@ " 24

ALERT: Thereisno requirement to find and/or use common denominatorswhen
multiplying fractions.

The following examples show that multiplication of al types of fractionsis performed in exactly the
same manner as show in the previous examples:

RULE: Thenumerator of the product isthe product of the numerators
The denominator of the product isthe product of the denominators

C (3x)( 5 (¥ 15x
Example 5. (7}( X+ 2) T+ -2y

(V2 y ) (ﬁ)(y) _ 2y
Example 6: (7](\/5—xj_(X)(\/§X)_\/§X_XZ

Example7: 3 -2 (5X_1j_(3xz_2)(5x_1)_15X3—1Ox—3x2+2
X+ (Ux+4 (x+1)(\/x+4) XNX+4++/X+4

Example 8:

- (2x)(x5) 2x° _2X1—21

Multiplicative Identity

It would seem natural, after completing the discussion of multiplication, to discuss one of the other
binary operations (division, addition, subtraction). However, it is necessary to discuss one of the
unary operations (finding the multiplicative inverse of afraction) before moving on. In order to
discuss multiplicative inverses, it is helpful to recall that the number 1 isthe multiplicative identity
and to recall some of its properties related to multiplication.

The number 1 isthe multiplicative identity because multiplying any number by 1 produces a
product equal to the original number.
Symbolically: al=a
Thisfact about multiplication by 1 istrue no matter what the other number is:
The product of 1 and awhole number is that whole number.
The product of 1 and an integer isthat integer.
The product of 1 and afraction is that fraction.
The product of 1 and an irrational number isthat irrational number.
The product of 1 and a mixed number is that mixed number.
The product of 1 and acomplex number isthat complex number.

This fact about multiplication by 1 istrue no matter how the number 1 is represented:



The product of % and a number k isthat number k.

The product of g and anumber k is that number k.

The product of % and anumber k isthat number k.

The product of (ax + 4)°and anumber k is that number k.
ALERT: Thereisonly one multiplicativeidentity in the Real Number System

Multiplicative Inverses
ALERT: Every number other than 0 hasa multiplicativeinverse.

The multiplicative inver se of areal number aisareal number b such that the product of aand b is
the multiplicative identity.
Symbolically: aand b are multiplicative inverses of each other if ab= 1
The product of a number and its multiplicative inverse is the multiplicative identity.
Every non-zero real number has a multiplicative inverse.
A number can have only one multiplicative inverse
If the number histhe multiplicative inverse of the number g, then g is the multiplicative
inverse of h.
A number and its multiplicative inverse are multiplicative inverses of each other.
The multiplicative identity (the number 1) isthe only real number which isits own
multiplicative inverse.

Thereciprocal of areal number is 1 divided by that number, so the reciprocal of ais %
The multiplicative inverse of areal number isits reciprocal . (a)(%} =1
Thereciprocal of afraction isthe fraction formed by interchanging numerator and denominator.

The multiplicative inverse of afraction isthe fraction formed by interchanging numerator and
denominator.

Here are afew examples of fractions of al types and their multiplicative inverses (reciprocals).

The multiplicative inverse of %isg The multiplicative inverse of 7is%
o 1 o 3. 5
The multiplicative inverseof — is6 The multiplicative inverse of — is —
6 J5 3
T X+6. y-k T 4. 4
The multiplicative inverse of ﬂlsm The multiplicativeinverseof a” isa
X -t . y+t? J3+2 . 7-45

The multiplicative inverse of The multiplicative inverse of

IS
7-5  J3+2

is
y+t2 3 -t



Division of Fractions

If % and g are any kind of fractions, the quotient of % divided by g is defined by converting the

division to amultiplication as shown in the following diagram.

Trvision of Fractions

a4 = C
b | d
Invarge (Jperation
———  Nlultiplicaitve Inverse
+ (reciprocal)
a_ . d _ ad
b C bc

This diagram illustrates that to convert adivision to a multiplication (the inverse operation), the
dividend is unchanged, and the divisor is changed to its multiplicative inverse (reciprocal).

RULE: When faced with division of any kind of fractions, the division should be changed to
a multiplication as described in the above diagram and then the multiplication should be
carried out asexplained in a previous section.

Example 1:
o5 . 13
2 8
Inverse Operation ———— «——— Multiplicative Inverse
(reciprocal)
5 ,_8 __ 58 __ 40
2 13 23 26
Example 2:
L4
a8
Inverse Operation ———— «+———— Multiplicative Inverse
(reciprocal)
. g ’l? .3 _ 136
4 * g 36
Example 3:



17 . ¥
i i
. . «—— Qultiplicative Inverse
Inverse Cperation — (reciprocal)
17 . T . 17 & m
X ¥ o X ¥y
Example 4:
(-8 . _{y+4)
(%) (y)
. . <« Muliiplicative Inverse
Inverse Cperation —— (reciprocal)
(3 - 8] ) _x-8) e (y)
(%) [y +4) (x) ® (y +4)
Example 5:
5 . B
1 1
Inverse Cperation ————— «———— DMultiplicative Inverse
{reciprocal)
5 ,_1 __ 51 __ 5
1 & 1 e85 4]
Example 6:
5 . 1
T B

{reciprocal)
5 . _ o6 _ a0
1 1 1w 1 1
It is common practice to omit the diagram and simply write an equality which states that the
indicated quotient is equal to the indicated product and then to complete the multiplication.

Inverse Chperation ———— l l*‘* Multiplicative Inverse
5]

Example 7:

5 8 (5)7) (B)(7) 35

Example 8:

3x+1 5 _(3x+1j(x—lj_(3x+1)(x—1)_3x2—2x—1
Jwoox=1 U Jw U5 (Nw)(5) 5w

Example 9:



1 1 1

X*+5 7 | x3+5 (8)_8x3+40

2x 8 | 2x ||7)7 14x
Example 10:
11 2XF5Y 4 PE+y? | 1R +y?
’ E/x2+y2 B 2Xx+5y |  2x+5y

Addition of Fractions (Part I)
Learning to add fractions is atwo step process. (1) Learn to add fractions with the same
denominators; (2) Learn to convert other addition problems to problems like thosein Step 1.

RULE: Thesum of two fractions with the same denominator isa fraction with that common
denominator and whose numer ator isthe sum of the numer ator s of the summands.
a c a+c

Symbolically: 55" 5
that there are no restrictionson a, b, or ¢, they can be just about any kind of mathematical

. Of course these fractions only make senseif b # 0. Other than

expression.
Consider the following examples:
2 3 2+3 5 3 J7 3+47
Example 1: 9 9= 9 —9 Example 2: 5 =
4 x 1 4+(x 1) X+3 3 7x 3+7x
Example3: — Example4: —+—F=—
\/5 V3 V3 V3 X X X3
. X=5w _ y+5/w _(x=5Vw)(yasiw) ey
Example 5: =
3.2 | 3-42 3-2 3-2
Example 6: 1 + x __x+l
" 3/5+2x 3J5+2x  3J5+2x

Expanding Fractions
Before proceeding to a method for adding fractions with different denominatorsit is necessary to
discuss one of the unary operations — expanding fractions.

Recall and be ready to use the fact that if any number is multiplied by 1 the product is that original
number. On Page 1, it was pointed out that this property is why the number 1 iscalled the
multiplicative identity. Additional discussion of the multiplicative identity is found on Pages 6 and
7. Inparticular, it is pointed out that the multiplicative identity can be written in many ways.
Furthermore, regardless of its representation, multiplication with any other number produces a
product equal to the other number. 1t might be helpful to look at the examples on Page 7.

10



It isfrequently desirable to expand a fraction to another, but equal, fraction with a different
denominator. For example, it might be desirable to write the fraction g asafraction with a
denominator of 45. The only tool available for this expansion is multiplication by the multiplicative
identity 1. It isimportant to remember that in this process we can represent 1 in any manner which
SErves our purpose.

RULE: Toexpand afraction choose a fraction with equal numerator and denominator such
that the product of itsdenominator and the denominator we are expanding isthe desired new
denominator. The product of thisnewly created fraction and the original fraction isthe
desired expanded fraction.

In the above example, choose afraction % such that 9n = 45, then multiply the original fraction by

n

ﬁ .
The best way to organize this kind of problem is presented in the following examples:

Example: Expand g to afraction with a denominator of 45.

Solution: Step 1. Write what you wish to accomplish with space to fill in the missing step.

i -e

Step 2: Fill inthe blanks in the above equality beginning with the denominator of the
missing fraction.

5=(s)3)-%

Example: Expand g to afraction with a denominator of 9v/5.

Solution: Step 1. Write what you wish to accomplish with space to fill in the missing step.

Fil-as
9 |9 o5

Step 2: Fill inthe blanks in the above equality beginning with the denominator of the
missing fraction. Clearly we must multiply 9 and J/5 to obtain 95.

7_(7}(@]_7@

9 (9)\V5) 95
Example: Expand X%:’ to afraction with a denominator of 7.

Solution: Step 1: Write what you wish to accomplish with space to fill in the missing step.

x+3_(x+3]( j_

NN

Step 2: Fill inthe blanks in the above equality beginning with the denominator of the
missing fraction. Clearly we must multiply ~/7 and ~/7 to obtain 7.

11



x+3_(x+3] J7) N7(x+3)
NN N N
X—95
Example: Expand ]
Solution: Step 1: Write what you wish to accomplish with space to fill in the missing step.
X-5 ( x-5 B
2x+1_(2x+1j(_j_(2x+1)(x+5)

Step 2: Fill inthe blanks in the above equality beginning with the denominator of the
missing fraction. Clearly we must multiply (x +5) and (2x + 1).

x-5 (x-5)x+5)  x*-25
2x+1 (2x+1)\ x+5) (2x+D(x+5)

3X+2

to afraction with adenominator of (x + 5)(2x + 1).

Example: Expand to a fraction with a denominator of x%y°.

Solution: Step 1. Write what you wish to accomplish with space to fill in the missing step.

3x+2_(3x+2](_j_
Xy Xy e

Step 2: Fill inthe blanks in the above equality beginning with the denominator of the
missing fraction.
X+2 (3x+ 2)( xsz _xy*(3x+2)

Xy Xy xy2 X2 y3

Example: Expand % to afraction with a denominator of 8
Solution: Step 1. Write what you wish to accomplish with space to fill in the missing step.

S _[(S)_)__

12 (12 -8

Step 2: Fill inthe blanks in the above equality beginning with the denominator of the
missing fraction.

HOHAS

-8
Addition of Fractions (Part II)

wlNJwl N

RULE: Toadd two fractionswith different denominator s select a convenient denominator,

expand both fractionsto a fraction with the selected denominator and then add the two
fractionswith the same denominator as described in an earlier section.

Examplel: —+

Nlw
gl N

12



Solution: Select 20 as a new denominator and expand both fractions to a fraction with 20 asits
denominator.

SQ0FE w 2-(31)-5

Thenwehave?’JrE—E 8 _15+8_23
4 5 207200 20 20

7
Example 2: 11+ T
Solution: Select 11./5 as anew denominator and expand both fractions to a fraction with 115 as
its denominator

Thenwehave171 j’_ (7j[ﬁ]+(%jﬁ—ﬂ:%j;3

5 7
Example 3: §+1—5
Solution: Select 30 as a new denominator and expand both fractions to a fraction with 30 asits
denominator.
Then we have §+1:(§j(§j+(lj(2j 25 14 _25+14 39

6 15 (6/{5 5)\2)°30730° 30 30

Example 4: 4 +3+2\/§

6x311 99X

Solution: Select 18x?+/11 as anew denominator and expand both fractions to a fraction with
18x?/11 asits denominator.

Then we have
4 3+ 2@_( 4 J(g}r 3+25 | 2x/11 12 (ZXJl_l)(3+ 2*/5)_12+6\/1_1x+4\/§x
6x°\11 99X 6x2/11 X 2x/11 18x2\/—1 6x2\11 6x2/11
X 3X
ExampleS St xr (x-D)

Solution: Select (x + 2)(x — 1) asanew denominator and expand both fractions to a fraction with
(x+2)(x—1) asitsdenominator.
Then we have

X 3X [ x )(x-1 3X o X(x=1) 3X X+ 2X
x+2+(x+2)(x—1)_(x+2)(x—1j+((x+2)(x—1)j_(x+2)(x—1)+(x+2)(x—1)_(x+2)(x—1)

Three Signs of a Fraction

numer ator
denominator
fraction itself, the numerator, and the denominator. For each of these three numbersit is completely
reasonabl e to speak of their opposites. So we may speak of the opposite of the fraction itself, the
opposite of the numerator, or the opposite of the denominator. Recall that the opposite of a
number is represented by placing a— symbol in front of the number. This givesriseto three
locations for a— symbol to appear in afraction:

Look carefully at any real number fraction and you can see three numbers; the

13



—a

___b
The appearance or non-appearance of the — symbol gives the following two strings of equalities:
a_-—/aa_ _—a_ _3a
b -b b —-b
_a_-~a_a _ _-4a
b b —b -b
Thefirst string of equalities shows four ways to write afraction %
The second string of equalities shows four ways to write the opposite of a fraction %
These different representations are also valid for all other kinds of fractions.
Example 1. Four waysto write the fraction 3 are: 3.3__3__3
ple = y 2% 3737374
Four ways to write the opposite of 3 are: 3. 3. 3_ =
4 PP 2% 2737373
Example 2: Four ways to represent the fraction _—52 are: %2 = _(__52) =— _(;2) = —:—g

. o2 2 2 2
Removing parenthesis yields: T 5" E- 3
. 2 _ . 2 (-2 -2 -2
Four ways to represent the opposite of T AC === ¢
: o =2 2 2 2
Removing parenthesis yields: —ETET 5" &

V5 V5 6 5 5

Example 3. Four ways to represent the fraction 1 are 1 “x-1) =1 =D

V5 5 5 5
V5 5 5

x-1 1-x x-1 1-
Four ways to represent the o ositeofﬁare'—\/g == -
Y P PP x-1 "7 x-1 x-1 —(x-1) —(x-1)

B 5 5

x—1 x-1 1-x 1-x

Removing parenthesis yields:

Removing parenthesis yields. —

Example 4: Four ways to represent the fraction <5 are:
2x-1_—(2x-1)  -(2x-1) = 2x-1
x-5 —(x-5  x-5 = —(x-5)

2x-1 1-2x 1-2x 2x-1

Removing parenthesis yields. Y E - B x - x_B- B_x

. 2X
Four ways to represent the opposite of ~_5 are

2x-1 —(2x-1) 2x-1 = —(2x-1])
~ x-5 x-5 —(x-5) —(x-5)

14



2x-1 1-2x 2x- 1 1—2x

Xx-5 x-5 5-x  5-X
The previous examplesillustrate some of the many and varied forms we can use for a fraction and
itsopposite. In the next section we are particularly concerned with writing the opposite of a
fraction.

Removing parenthesis yields. —

Subtraction of Fractions

If % and % are any kind of fractions, the difference of %subtracted from % is defined by

converting the subtraction to an addition as shown in the following diagram.

Subtraction of Fractions

. €
Inverse Operation
e Addditive Inverse
a C)

b

This diagram illustrates that to convert a subtraction to an addition (the inverse operation), the
minuend is unchanged, and the subtrahend is changed to its additive inverse (opposite).

RULE: When faced with subtraction of any kind of fractionsthe subtraction should be
changed to an addition as described in the above diagram and then the addition should be
carried out asexplained in a previous section.

A few exampleswill clarify the process. Careful selection of the proper representation for the
opposite of afraction can expedite subtraction of fractions. That techniqueisillustrated in some
of the following examples.

15



: 3 4
Example 1. Subtract: 78

Solution: Begin by changing the problem to addition

3 - 4
5 5
l Additive Iprer:a‘e
{opposite)
3 (-4)
5 + 5
.3 (-4 3+(4) -1
The do the addition et s =5 -1
3 4 -1
Therefore E B 5
: ) 8
Example 2: Subtract: )
Solution: Begin by changing the problem to addition.
Observe that one way to write the opposite of =) is — (2_33) =

5 B
9 (-3)
l l , Additive Il_]w.'erﬂe
{opposite)
A d
d + 3
... 5 8 5 24 29
Now do the addition: 9t3 979 =9
5 8 29
Therefore § - ﬁ = ?
: .5 Yy
Example 3: Subtract: ——--——
X (=X)
Solution: Begin by changing the problem to addition.
S .y
X -X)
VN
S 4 Y_Y¥#S
X X X
. - 2x-1 5-7x
Example4: Subtract: 3x_5  5_3x
Solution: Begin by changing the problem to addition.
2x-1 5-7x
3x-5 5-3x
NN
2x-1 + 5-7x (2x-1)+(5-7x) -5x+4
3x-5 3x-5 3x-5 ~ 3x-5

8

3

16



Example5: Subtract: Sx+y J2x-5

2x-5 y+3
Solution: Begin by changing the problem to addition
3x+y_\/§x—5
2x-5 y+3
VN

3x+y 5-+/2x _(3x+ yj(y+3j+(5—x/§xJ(2x—5j B (3x+ y)(y+3)+(5—«/§x)(2x—5)

2x—5 y+3 (2x-5) y+3 y+3 | 2x-5) (y+3)(2x-5)

3xy +9x+ Y2 + 3y +10x— 25— 24/2x% + 5J2x  y? — 22X + (19+ 5v2)x + 3y + 3xy - 25
(y+3)(2x-5) B (y+3)(2x-5)

Reduction of Fractions

Reducing a fraction refersto a process which identifies and removes factorswhich are
common to both the numerator and denominator.

Reducing is one of the unary operations listed earlier and is the reverse of expanding afraction.

Just as expanding a fraction depends on the multiplicative properties of the number 1, so also
reducing a fraction depends on those very same multiplicative properties of the number 1. They are
repeated for review here.

Recall and be ready to use the fact that if any number is multiplied by 1 the product is that original
number. On Page 1, it was pointed out that this property is why the number 1 iscalled the
multiplicative identity. Additional discussion of the multiplicative identity is found on Pages 6 and
7. Inparticular, it is pointed out that the multiplicative identity can be written in many ways.
Furthermore, regardless of its representation, multiplication with any other number produces a
product equal to the other number. 1t might be helpful to look at the examples on Page 7.

It is frequently desirable to reduce a fraction to another, but equal, fraction with a different

denominator. For example, it might be desirable to write the fraction % asafraction with a

denominator of 15. Thiswould yield the fraction % . Inother situationsit is desirable to reduce a
fraction so that there are no factors common to the numerator and denominator. When thisis done,

we say that the fraction has been reduced to lowest terms. The fraction % reduced to lowest

termsisZ
3"

RULE: Theprocedurefor reducing a fraction isto identify the factors of the numerator and
denominator, group them to form representations of thenumber 1, writethefraction asa
product which isolatesthe representations of the number 1, and then delete the factorsof 1
from the product.
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The following examples will illustrate.

Example 1. Completely reduce the fraction %

105 QG)7) (3)(5)(7 7\ 7
sauen: % -G - 51530l 3)-3

X% — 2X
(X+2)(x-2)

Example 2: Completely reduce the fraction

Solution: X* — 2X X(X—2) _( X j(x—Zj X

X+2)(x=2)  (x+2(x-2) (x+2 ) x-2
Example 3: Completely reduce the fraction W
soaon; X001 g
Example 4. Completely reduce the fraction 18);32

18y (18)( N (VE) o[ VP 6XY
Solution: 3" _(3)(7J(? =(6)(x%) el

:x+2

4

Notice that in this example the rules for exponents facilitated the reduction.

3x? —5x-2

Example 5. Completely reduce the fraction — 5
6X° + 2X° +3X+1

Solution:
3¥-5x-2  (X+D(x-2)  Bx+D(x—-2) (3x+1) x-2 ) x-2
6X+2x° +3x+1 27 (3x+1)+(3x+1) (Bx+D2x +1) (X+L2x*+1) 2x° +1

Example 6: Perform the multiplication and completely reduce the product

2x3+16 ( 5 j
6x*+12x )\ x> —2x+4

Solution:

2x° +16 ( 5 j_ 2(x+ 2)(X* - 2x+ 4) ( 5 ]
6x% +12x )\ X2 —2x+4) 6X(X+ 2) 2 _2x+ 4

(2)(B)(x+ 2)(x* — 2x+ 4) _(2)( X+ 2)((x2 —2X+ 4)}(

TN+ —2x+4) 2\ x+2) (¢ —2x+4)

©) ]
(%)

5

T 3x
Observethat it is much easier to do the reduction (cancellation) before multiplying
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