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Law of Trichotomy and Boundary Equations

L aw of Trichotomy: For any two real numbers aand b, exactly one of the following
istrue.

i. a<b

ii. a=b

lii. a>b

The Law of Trichotomy isaformal statement of a property which most of us would
consider to be quite obvious; when comparing two numbers; they are equal, the first is
less than the second, or thefirst is greater than the second. The purpose of the formal
statement hereisto call attention to the obvious fact and to make it available for use with
algebraic quantities which represent real numbers.

Example 1: During a consideration of the two linear algebraic expressions 3x + 5 and -2x + 7,
the Law of Trichotomy reminds us that there exists three distinct possibilities;
. X+5<-2x+7
ii. 3X+5=-2x+7
iii. 3X+5>-2x+7

Consequently we learn to solve the equation and both inequalities. Recall some of the
observations made during the many practice exercises for solving linear equations and
inequalities.
I. Thegraph of alinear equation in one variable is a point on the real number line.
ii. Thegraph of alinear inequality in one variableis aray on the real number line.

What may not have been observed is that the ray which is the graph of alinear inequality
in one variable begins at the graph of the equation and extends infinitely far toward the
right or the left and that the graph of the other inequality begins at the same point and
extendsinfinitely far in the other direction.

Another, possibly more understandable, way to state thisis. The graph of alinear
equation in one variable divides the real number line into two rays, one of which isthe
graph of one of the corresponding inequalities and the other is the graph of the other
inequality.

2
Refer to Example 1. The solution set for the equation is {g} 2?5
The graph of the equation 3x + 5=-2x + 7isshownin Fig. 1. Fig.1
Clearly this graph of the equation dividesthe
real number lineinto apoint and two rays as < )'(_’
shownin Fig. 2. The blue ray is the graph of one 2/5
of the inequalities and the red ray is the graph of Fig. 2

the other inequality. In this example the blue
ray isthe graph of 3x + 5<-2x + 7 and thered ray isthegraph of 3x + 5> -2x + 7.
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We can determineif the blue ray is the solution set to one of the inequalities by testing
just one number from the ray in theinequality. Refer to the above example. To
determineif the blue ray is the solution to the inequality 3x + 5> -2x + 7 we need only
test one number from the blueray in 3x + 5> -2x + 7. The number O isin the blue ray
and is easy to test. Substituting 0 into 3x + 5> -2x + 7yields5 > 7 which isfalse. This
alows a number of conclusions, _ ) i

i. Theblueray isnot the solution Graph of 3x + 5 =-2x + 7

setfor 3x +5>-2x + 7.

ii. Thered ray (the other one) isthe ﬁﬂwh of 3x+5<-=x+7 l Graphof 3x + 5 ~ -2x -
solution set for 3x + 5> -2x + 7 )'(_P

iii. Theblueray isthe solution set /S
for3x +5<-2x + 7. Fig.3

+7

The following observations can be generalized to many other situations. In particular
they will apply to equations and inequalities involving nothing but polynomials.

I. When considering a conditional equation or inequality, the Law of Trichotomy
dictates that we also consider the other two corresponding equations and/or
inequalities.

ii. The graph of the equation is a boundary between the graphs of the corresponding
inequalities. For that reason, the equation is sometimes called the boundary
equation for the inequalities.

iii. Testing any single number from one of the raysin either inequality determines
whether that ray is the solution set for that inequality.

Extending to Quadratic Inequalitiesin One Variable

Example 2: Supposeit is required to solve the inequality x* + x —6 < 0.

Discussion and Solution:

When considering the inequality x* + x — 6 < 0 the Law of Trichotomy dictates that we be
aware of the equality X?+Xx—6=0aswel asthe inequality x°+x—6>0. Asinthe
previous discussion, the equation x> + x — 6 = 0 is sometimes called the boundary
equation because its graph is the boundary between the graphs of the two inequalities.
Our strategy will be to graph the equation and test numbers from the various resulting
rays and intervals formed by that graph.

Factoring and The Zero Factor Property show the solution » -
set of the equationx®+x—6=0tobe{2,-3}. Wecan -3 2
now sketch the graph of the equation x*+x—-6=0 as _
shownin Fig. 4. Fig. 4

The graph of the equation x* + x —6 =0 dividesthereal lineinto an interval (-3, 2)
(green) and two rays (blue (-0, -3) andred (2, «0)).

e Theinterval ispart of the solution set for either X +Xx—-6<00r X +XxX—6>0.

e Theblueray (-, -3) is part of the solution set for X*+Xx—6<00rx>+x—6>0.

e Theredray (2, ») is part of the solution set for x> + x —6<0or x> +x —6> 0.
We need to test one number from each of the rays and the interval in either of the
inequalities.
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Test O from theinterval (-3, 2) in the inequality x* + x — 6 < 0. When 0 is substituted
into x* + X — 6 < 0 we obtain —6 < O; atrue statement. Thereforethe interval is part of
the solution set for x* + x —6 < 0.

Test — 4 from the ray (-0, -3) in the inequality x?+ x —6 < 0. When — 4 is substituted
into x* + x — 6 < 0 we obtain 16 — 4 —6 < 0; afalse statement. Therefore— 4, and
consequently no number in the ray (-0, -3), is asolution of the inequality x* + x —6 < 0.
It now follows from the Law of Trichotomy that every number in theray (-, -3) isa
solution of the other inequality x* +X—6> 0. Thereforethe ray (-0, -3) is part of the
solution set for x* + x —6 > 0.

Test 3 from theray (2, «) in the inequality X +Xx—6>0. (note | switched inequalities).
When 3 is substituted into x* + x — 6> 0 we obtain 9 + 3— 6 > atrue statement.
Consequently the ray (2, ) is part of the solution set for x*+ x —6 < 0.

A summary of the test results shows that the solution set for the inequality x? + x —6> 0
is (-0, -3) U (2, ) and the solution set for x* + x —6 > O istheinterval (-3, 2). Illustrated
inFig. 5.

Graph af x>+ x-6>0

Graphot x +x-6-0

Graphofx” +x-6=10

Fig. 5

Rule for Quadratics. When working with quadratic equations and inequalitiesin
one variable;

e If the equation has two real solutions, the resulting interval will be the solution set
for one of the inequalities and the union of the rays will be the solution set for the
other inequality.

e If the equation has one real solution the union of the resulting two rays will be the
solution set for one of the inequalities and the solution set for the other inequality
is the empty set .

¢ If the equation has no real solution, the solution set for one of the inequalitiesis
the set of real numbers R and the solution set for the other inequality is the empty
set J.

Rule: The above process may be used to solve any polynomial inequality in one
variable.

Thiswill beillustrated in Example 3.
Example 3: Solvethe inequality x(x —2)(x + 3)(x + 3)(x + 4) <O0.
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Discussion and Solution:

Generdly fifth degree polynomia inequalitiesin one variable will not be solvable, but
when we can factor it, as in this case, we can solve the inequality

When considering the inequality x(x —2)(x + 3)(x + 3)(x + 4) < 0the Law of Trichotomy
dictates that we be aware of the equality x(x —2)(x + 3)(x + 3)(x + 4) =0 aswell asthe
inequality x(x —2)(x + 3)(x + 3)(x + 4) > 0.The equation X(x — 2)(x + 3)(x + )(x +4) =0
is called the boundary equation because its graph is the boundary between the graphs of
the two inequalities.

Our strategy will be to graph the equation and test numbers from the various resulting
rays and intervals formed by that graph.

The Zero Factor Property showsthe solution set of . . -
the equation x(x —2)(x + 3)(x + 3)(x + 4) =0tobe 4 -3 0 2
{-4,-3,0,2}. A sketch of the graph of the
equation X(Xx — 2)(x + 3)(x + 3)(x + 4) = 0 as shown
in Fig. 6. Observe the rays and intervals are;

(- o, - 4), (-4, -3), (-3,0), (0, 2), and (2, )

The solution set for the two inequalities can be determined by testing a number from each
of therays and intervals. However thereis asimpler approach which depends on the fact
that it is simple to determine the sign of alinear expression in an interval.

A convenient and effective way to organize the test is with atableasillustrated in Fig. 7.

< L4 2 (433 (300 (02 2 (2
signofx — - — + +
sign of x- 2 — — — — +
sign of (x+ 3)(x+3) + + + +
signofx +4 — " . + i
5ign of x(x-2)(x+ 3] (x+3)(:+4) — + + = +

Fig.7

The final row of this table shows where the polynomial is positive and whereit is
negative. We therefore conclude that:

The solution set for x(x —=2)(x + 3)(x + 3)(x +4) =0is {—4, -3,0, 2} :
The solution set for x(x —2)(x + 3)(x + 3)(x + 4) >0is (-4,-3) U (-3,0) U (2,).
The solution set for x(x —2)(x + 3)(x + 3)(x + 4) <0is (—o0,—4) U (0,2).

Important Notes About Polynomial Inequalities: Asafirst step when
working with polynomial inequalities one should write the inequality in the form
ax"+a, X"t+eee+ax+ay<0 or
ax"+a, X"t +eee+ax+a,>0
Writing a polynomial inequality in the desired form may be done using the three familiar,
fundamental, elementary properties of inequalities.
(2): If any expression is added to both sides of an inequality the resulting
inequality is equivalent to the original inequality.
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(2): If both sides of an inequality are multiplied by the same positive real
number, the resulting inequality is equivalent to the origina inequality.

(3): If both sides of an inequality are multiplied by the same negative real
number and the inequality symbol is reversed, the resulting inequality is
equivaent to the original inequality.

Asafirst step when working with polynomial inequalities one should find the rea
solutions of the corresponding boundary equation and factor the polynomial into a
product of linear and quadratic factors. Although thisistheoretically always possible, it
is generaly very difficult and frequently impossible to do. When the real solutions of the
boundary equation cannot be found, other methods, beyond elementary algebra, must be
employed.

A table such asshownin Fig. 7 is especially useful and almost essential when the
expression involved is complex.

I:\M athematicaWordDocuments\Law of Trichotomy and Boundary Equations.doc 5



